A totally ordered space X is defined to be a totally ordered set equipped with a topology which is locally convex and T-ordered (i.e., the order is a closed subset of X X). A study of ordered compactifications was made previously by J. Blatter [1]. Our goal is to give a more intuitive treatment of this subject based on the notion of "singularity," which is the term that we use to designate a non-convergent, monotone, free, convex filter (or, equivalently, a non-convergent maximal c-filter).
and essential singularities. For every T2-ordered compactification of X, there is a unique cornpactification point corresponding to each simple singularity; it follows that a totally ordered space which has only simple singularities has a unique T2-ordered compactification. Essential singularities always occur as ordered pairs, and to a given Trordered compactification each pair of essential singularities contributes either one or two compctification points. There is (as Blatter showed earlier) a smallest T2-ordered compactification obtained by assigning a single compactification point to each pair of essential singularities, and a largest T-ordered compactification obtained by assigning two compactification points to each essential pair. The latter is, of course, the Nachbin (or Stone-(ech ordered) compactification. Any other Trordered compactification may be described by partitioning the set p(X) of all essential pairs of singularities into two subsets, and assigning one compactification point to each pair in the first subset and two compactification points to each pair in the second. Thus there is a natural one-to-one correspondence between the subsets of p(X) and the Trordered compactifications of X.
Every T2-ordered compactification of a totally ordered space is also totally ordered, and the compactification space always has the order topology.
1. Totall/ Ordered Spaces.
We shall assume throughout this paper that X is a totally ordered set. For a e X, let [a,---) be the set of upper bounds of a, and let (a,--) {x e X a < x} be the proper upper bounds of a; the sets (-, a] and (--, a) are defined dually. For a,b X, we define the "open" interval (a,b) (a,--), (--,b) and the "closed" interval [a,b] We define a totally ordered space (X, r) to be a totally ordered set X equipped with a topology r which is locally convex and T2-ordered. For any totally ordered set X, (X, 0) is a totally ordered space, and indeed 0 is the coarsest topology on X which is both T2-ordered and locally convex.
In particular, if r is a compact, T2-ordered, locally convex topology on X, then it follows from the preceding statement that r 0. Thus every compact, totally ordered space has the order topology.
It should be noted that the term "totally ordered space" is defined in a more general way here than in [3] , where this term is applied only to spaces with the order topology. We shall normally designate a totally ordered space (X, r) simply by For any totally ordered space X, a singularity on X is defined to be any non-convergent, monotone, free, convex filter, or, equivalently in view of Proposition 1.2, the convex hull of any non-convergent ultrafilter. We shall use Proposition 1.3 to define several different types of singularities: [4] ). It turns out that for totally ordered spaces, the Nachbin compactification is equivalent to the Wallman ordered eompactification [3] , and it will be useful to give a brief description of the latter compactification at this point.
Let Y be a T-ordered topological space (partially but not necessarily totally ordered) with a subbase of monotone open sets; it is shown in [4] that all completely regular ordered spaces (and, hence, all (c) The Wallman ordered compactification is the largest T:-ordered compactification of X.
Proof. The first assertion is obvious. The second follows by first observing that each singularity has a filter base of closed, convex sets and then applying Proposition 1.2. In order to prove (c), it is necessary and sufficient (by Corollaries 1. 4 (a) There are x, y E X such that r , . y, and y covers x. (b) r for some x X, . is a decreasing, simple, bounded singularity, and . 0_, x. (c) . for some x X, ,v is an increasing, simple, bounded singularity, and r 0_, x.
(d) <r, ) (X). If P, Q are subsets of p(X) and P C Q, then Yo can be regarded as the quotient space of obtained by identifying those essential pairs Y', .i n P' such that (Y', .) E Q. The canonical quotient map apo Yp --, Y@ is continuous and increasing, and the quotient map a 0 "woX Y@ is given by a 0 ap 0 o crp. Our results on T=-ordered compactificatiorm of a totally ordered space X may be summarized in the following theorems.
Theorem .8 Let X be a totally ordered space, and let P be an arbitrary subset of p(X).
Then (Yp, Cp) is a T2-ordered compactification of X. If P, Q are subsets of (X), then P C_ Q itf (Yo,o) ((Y,,p there is a subset e of (x) such that (I/', ) is equivalent to CorollarF e.10 A totally ordered space X has a unique ordered compactification iff X has no essential singularities.
Examples of Trordered spaces with unique T-ordered compactification include the real line (with usual order and topology), the Sorgenfrey line, and the discrete line (the real numbers with usual order and discrete topology). In the case of the Sorgenfrey line, one compactification point corresponding to each real number is added, along with least element -oo and greatest element oo. The T2 ordered compactification of the discrete line is similar, except that two compactification points are added for each real number (one on each side).
